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Abstract—The problem is solved by using a Hankel transformation. The stress and displacement expressions
are explicitly given for any point of the medium. Curves of numerical results are presented.

1. NOTATION
The following symbols are used in this paper:

1,8,z cylindrical co-ordinates
oy stress components
& strain components
vy =26
K, ig, w displacements
J, Bessel functions
¥, Hankel transformation
P contact force
R radius of sphere
E, o elastic constants of sphere
a radius of the area of contact
po applied stress in centre of contact
a; elastic coefficients of anisotropic half-space
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2, INTRODUCTION

The contact problem in isotropic elastic media is now well understood and solutions to a large
number of cases have been obtained. In the case of anisotropic media the basic equations are
much more complicated and few results are known, In this paper we consider the so-called Hertz
problem, of finding the stresses and displacements produced inside two elastic bodies when they
are pressed together. More precisely we consider the elastic punching between a transversely
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isotropic half-space and an isotropic sphere. The punching is executed without friction and in the
direction of the axis of elastic symmetry of the medium, so that we have an axially symmetric
problem.

The problem of a concentrated normal load on a transversely isotropic half-space was solved
by Lekhnitski[2].

Willis[4] considered this Hertz problem for anisotropic bodies. Although he did not find a
complete analytic solution to this problem, he determined the area of contact and the pressure
distribution between the bodies.

Here we present a simple and complete analytic solution to the transversely isotropic contact
problem.

In Section 3, the basic equations are stated together with the boundary conditions. The solution
is given in Section 4.

In the last section, we show the influence of this anisotropy.

3. BASIC EQUATIONS

Let us consider a homogeneous transversely isotropic half-space whose surface lies in the
horizontal (7, 8) plane and whose axis of elastic symmetry (z) is vertical. For this material, there
are five elastic coefficients.

The stress-strain relationship associated with frictionless axi-symmetric loading are:

€= 0110 + 01206 + 1307z,

€98 = 120, T 011060 + 4130,

14
€= 130, + Q1308 + A3302,
‘Yn = aﬂo-rzy
where the strain components are defined as:
W _w oW v
€&, = ar IS €gs = r’ €, 9z 3 Yrz 3z ar . (2)
The equations of equilibrium are:
0C, 00, Op U
= 3
ar  az r 0, &)
00, 30, O
R Ry IR (), 4
ar i 74 r @
and the equations of compatibility transformed by relations (1) are:
d -
(G2~ a1 )(Ges — 0n) — r(‘;": (11000 + 120 + Q130 ) = 0, %)
3 a* 3. _
é‘z‘i(ﬂlzﬂ'aa +anos + also'zz)'i"é;‘_z(aﬂaee + G0 + 0330,;) ~ Gas araz 0. 6
The boundary conditions are taken as:
i) r or z infinite
0',,=0'99=0'ﬂ=0'rz=0- (7)

(ii) On the horizontal surface (z =0)

- pir rsa
(Trz=05 O'zz={ %( ) r=za (8)
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where p(r) is the pressure distribtition on the area of contact. This pressure has been determined
already[1-3]

p(N=2v/(a?~r) )
with:
_ ﬂ 61_82 1"0’2 172 = 3P
_[ : ( o 12 )] and  po=g. (10)

8., 8, are defined in Section 1.

4. GENERAL SOLUTION

(a) Determination of an intermediate function ¢
As it is described for example in [5]. We can show easily, by substitution, that the-egns (3), (5)
and (6) are identically satisfied if we introduce an intermediate function ¢ such that:

3 (3% bag ,8ch)
I = (ar2+r ar T4 7))

e 1d¢ ,3<p)
(bar +rar+ az:)

» (1)

3<p (L) )
a’+rar+daz

/\A

e 1d¢ ,6¢)
¢9r+rar+ 9z>

In this case, the corresponding values of the displacements are:
8%

araz

Uy =0, (12)

u,=—01-b)an— alz)

—a (e la¢) A,
w—a“(ar +r ar +(asd — 2a,3a)az .

From the second equation of equilibrium (4), we obtain the following partial differential equation:

2. 139 1dg, 079\ 9% ( 3¢, cip
(ar2+rar)(ar Tttt az’)+ ( Fre +,-a,+d ) 0. (13)

Using the boundary conditions, we can now completely solve the problem. We look for ¢ in
the form of a product:

¢ = Z(tz) - Jo(tr), (14)

xyhere t is a dimensional parameter. We shall eliminate ¢ by an integration. By substituting (14)
iittd (13), we obtain for Z the linear differential equation:

dZ®@z) - (a' + ¢)Z"(t2) + Z(tz) = 0. (15)

The stresses which are determined by the function ¢ must satisfy the conditions at infinite (7);
then we have:

¢ =(C(t)e ™" + D(t) =) J(tr). (16)
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The function ¢ obtained by integrating expression (16) with respect to ¢ from 0 to = is also a
solution of eqn (13). From now on we use the following expression which will aiso be called ¢:

o(r,z)= J: [C(tye ™" +D(t) e~} - Joltr) dt. {17

The stresses o,. and o, found by means of formulae (11) are also represented in the form of
integrals:

Op=— [ [C(t) e "s\(ds\* ~ ¢) + D(t) e s ds,” — )]t Jo(tr) dt,
0

18
- L i [Ct)ye = (a's) ~ )+ D(t) e (a's;” — DI Ti(tr) dt. “
We have seen (9) the pressure distribution on the area of contact is equal to:

p(r)z{(po/a)\/éa’—r’) :::' (19

If g(¢) is the function obtained by the Hankel transformation of p(r), we have:
8(0) = Holp(r) = pof gt - £ 21) 0)

and also:

p(r) = g () = o [ (28-S L) s ar) . @y

By satisfying boundary conditions (8), relations (18) for z =0, which are identical to the
expression (21) of p{(r), give the following system:

Csy(ds* — )+ Ds{ds;* — ¢) =53 (sm at_cos at)’

at® £
(22)
0(0!512" l)+ D(aisf"" 1) =(,
Hence:
C=-2 (sin at_cos at) p\Vd
£\ at’ (s:—s:Xa'c—dy
(23)

D= (sm at cos at) pr\Vd

at® (s;i—s:)a'c—d)

Then, the final formula for the intermediate function is:

_ vd J’ e eyt (sm at_cosat .Iq(tr)
‘P(rsz)—po(sl__sz)(ayc_d) ( p2€ +P € ) tg ) tz dt (24)

(b) Stress and displacement distributions in the medium
Let us substitute expression (24) into formulae (11) and (12). We obtain stress and
displacement expressions in the form of integrals:
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“po{ (s,—sz)\/df (5,6~ — 35, e_,z,,)(smat cosat)Jo(t ydt 1

® 4
f s - L T )dr}

v
+
r{s,—s2)

___..___\/d. stz _ stz sin at_cosat
oo = p"{(s, sNa'c—d) f (s1g26™" —s:q,€ )( )Jo(t)dt

t t
[ ($1p2€79" — 52p, e"l")(ﬂan,f —cosa)ln(t )dt}

r(sl $2)

o = s[ (5,6~ — 5, e_,z,,)(smat cosat)Jo(t)dt
1= 82

= Po ] T ntr _ et (smat cos at)
o= mssavd e € TN e Sy dr,

“ My_ﬁn_ﬂf (51026~ = 5201 -x,.,)(szltgt cos at)Jl(t)dt

> (25)

W = po f (@i =gy ee) (SR ary .

Let us introduce the following notations:

~ fsingt cos at ez
Cy =}; (—m—,—“&;ﬁ)lo(tr)e 4 dt

i=1,2 and j=2,3: 26

sin at _ cos at e
Dy = f ( 7 A )J:(tr)e * de.
o \ at ¢

Then, the formulae for stresses and displacements take the form:

Op= Pn{"—_"“‘""“( Si—5)vd (5:Cr2= 5:Co0) + 51— 52 (s1p2D1 3 szp;Dz,g)},

d
Too = Po{m)\‘(/;m(anzcl.z —520:C2) _;(«;:I‘i::';; (s1p2Dy 3~ 32P1D2.3)},

52C12~51C2z
Oz = Po =~ ",

Sz 2
1 7
Dy Dis @)

== P s —sVd’

U, = po w (510:D13— 5201D:3),
§1— 82

w= po(&C 137 5202‘3)-

S, = f sin “’J.,(: e~ dt,

St= ] SN gt ; ryee dt, (28)

Tl,‘l:f cos at]l(t yere di,
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the integrals C; and D,; are reduced to the following expressions:

C.=1 ”'i”(rs;,l + 8:285:.1),
(2 3sarey (I 52
Ci.3 2a (a 2+S, )SH”‘I" 4 + T,; 2 N
12 = (rSl 1 siZSl!.l - aTl!.l)’
_ (s _-Sf_zz) s, Sz sz r
Di.3_3a(a re+ ) £.1+6 HE 20 SRJ+3- J
We find for integrals (28) the analytic expressions:
_ -8 |
S =arc tg paprapy
ng.x = “"“”“‘& b a, r
r
1 _ & 52
i T m——

When

1 62 2
yi= ?(r’— a’+ s.-zzz)2+4s—aé—-,

[

(r*+stz’—a*+ a*yd),

N

$:iZa
Q; '

Bi=-

4

(29)

(30)

31

Thus for any point of the medium, we can calculate a;, 8;, 7. Next we determine successively
integrals S;,, Si, and T}, and the integrals C,;, D,,. Finally, by means of formulae (27), we fiad

stress tensor and the displacement at every point.

(c) Distributions along special lines

(i) Axis of punching. With r =0, the stress and displacement expressions (27) reduce to the

following relations:

L

A A (p -k a
Op = Ogg = p"{f'\/d a[(k‘ 2)artcg Py (k 2)arctg 22]},
O ——po{l+ S'; -;{arctg——‘-arctgszz)}

o.=0,

U, =0,

22 sz

2.2
) arctg 4 SzZ] }
a 522

w= po{a,[(a + )arctg}f—z—-s,z] - 82{(11 +

(32

(iiy Horizontal surface. For z =0, the integrals S;; Si, and T:, lead us to comsider two

possibilities:

1-0< r<a: points inside the contact area:
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We obtain

Si,l = .211-.)
- 2.
S:.l = g \/(a rz) »
r
Til.l = 0’

and thus, we deduce from expressions (27):
- L f(i_2y,ee( _ﬁ)”’)]
UW“PO[“W (1 az)+ 372 (1 ( a? ’
1 2\ pa? P\
w= oo (=g (1-52) 55 (- (-5 )}
2
azz=—po\/(1“—;—2)y

Crx =0,
a2 rz i
u,=pof.e(a;z~'au)§-;[1-( "‘Ei) }a

2
W= po%(st e 82)(“ "'2{0-).

2-r = g, points outside the contact area. In this case, we have:

. a
S, = arc sin 7

a

1 &
[A} r [}
y _V(ri-a?)
Ti.l = r ]

Thus: )
2
noa wP
O™ =~ (oo = P n e F2
” 0 = P03 T 3y
g-u=an=0,

U, = '&'E(alz - @11),

2ar
w=E(5 ~82)[-I-arcsin5~(a’-'ﬁ)%»-l-\/(a‘-r’)
I 2 2)72 ')
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(33)

(34

We notice that, from the expressions for the stresses, on the surface of the transversely
isotropic half-space, the stresses 0., os and o, are principal, and outside the area contact we

have a pure shear stress state,

Moreover, outside the contact area the stresses are directly proportional to the contact force

P and they are independent of the radius R of the sphere.

We have thus the same properties as for the punching of the isotropic half-space (classical

Hertz formulae).

5. OBSERVATION

This calculus was indeed performed because we wanted to extend the application field of our
two new non-destructive methods to measure whether the elastic limit or the residual stress

tensor in any point inside an isotropic structure,
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Fig. 1. Isotropic case: a,, = a33 = (l/E); a4y, = a,3= ~(01E); aues= Aan—-a)={21+a)E); s, =1; 5,=1;
(w2 -(d) =I(1+20)2{< 1.

Isotropic case

o 2

Mognesium z/0

Fig. 2. Magnesium: d,,=221x107" m*N; a,;=-77x107"m*/N; a;,=-49x10""m’/N; a»n=
197 % 107" m*IN; des = 6.03% 107" m*/N; 5, = 1.388; 5, =0.705; (u/2) - (1/v/d)=-0.77.
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o

Zinc 2/0

Fig. 3.Zinc au=82xI0CmN; ap=-34xX10"w* N, a;=-66x10""m*/N;

a2

Cadmium 27 ‘2

Fig. 4. Cadmium: ¢,,=129x107"m*N; @,=~-15X10"m*N; a,=-93X10"mIN;

a3 =

264 X 107 mPIN; @ee = 2.5 X 1071 m?IN; 5, = 1.0BS + 0.652i; 5, = 1.085 — 0.652i; (u /) - (1/\/d)y=~L.16.

Gy =
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Hexagonal single crystals are transversely elastically isotropic. Some composite materials and
some woods present this kind of anisotropy too. But until now, their plastic properties are not yet
well known.

Before doing any theoretical or experimental study for these materials, it was necessary to
have the induced stress field for the elastic punching explicitly (see, i.e. [6]).

For the isotropic materials and chiefly for metals, two criteria of plasticity are currently used:
Mises’s criterion and Tresca’s criterion. For anisotropic materials it is not generally possible to
use them.

However, just for showing the influence of the anisotropy in the elastic punching, we give
here-after the plotting of Mises’s criterion for an isotropic material and 3 transversely isotropic
materials.

If the inequality:

a__1
12 v <1 (35

is satisfied the maximum of the criterion is on the axis of punching. It is off the axis if (35) is not
satisfied.
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